The Yang-Baxter equation admits two classes of elliptic solutions, the vertex type and the face type. On the basis of these solutions, two types of elliptic quantum groups have been introduced (Foda et al.[1], Felder [2]). Frønsdal [3, 4] made a penetrating observation that both of them are quasi-Hopf algebras, obtained by twisting the standard quantum affine algebra U q (g). In this paper we present an explicit formula for the twistors in the form of an infinite product of the universal R matrix of U q (g). We also prove the shifted cocycle condition for the twistors, thereby completing Frønsdal's findings.
Introduction

Elliptic algebras
Among the integrable models based on the Yang-Baxter equation (YBE), those related to elliptic solutions occupy a fundamental place. Elliptic algebras, or elliptic quantum groups, are certain algebraic structures introduced to account for these elliptic models. Nevertheless, the complexity of elliptic algebras has evaded their understanding for quite some time. The solutions of YBE (R-matrices) are classified into two types, vertex-type and face-type. Accordingly there are two types of elliptic algebras.
The vertex-type elliptic algebras are associated with the R-matrix R(u) of Baxter [5] and Belavin [6] . The first example of this sort is the Sklyanin algebra [7] , designed as an elliptic deformation of the Lie algebra sl 2 . (An extension to sl n was discussed by Cherednik [8] .) It is presented by the 'RLL'-relation
together with a specific choice of the form for L(u). Here and after, the superscript (1), (2) , · · · will refer to the tensor components. For further development concerning the Sklyanin algebra, see Feigin-Odesskii [9] and references therein. An affine version of the Sklyanin algebra (deformation of sl 2 ) was proposed by Foda et al. [1] . The main point of [1] was to incorporate a central element c by modifying the RLL-relation to 2) where r denotes the elliptic modulus contained in R(u) = R(u, r). In both these works, the coalgebra structure was missing. The face-type algebras are based on R-matrices of Andrews, Baxter, Forrester [10] and generalizations [11, 12, 13] . In this case, besides the elliptic modulus, R and L depend also on extra parameter(s) λ. As Felder has shown [2] , the RLL relation undergoes a 'dynamical' shift by elements h of the Cartan subalgebra h,
Likewise the YBE itself is modified to a dynamical one, see (1.7) below. As we shall see, a central extension of this algebra is obtained by introducing further a shift of the elliptic modulus analogous to (1.2) (see (4.8) -(4.9) and the remark following them). The face-type algebra has also been given an alternative formulation in terms of the Drinfeld currents. This is the approach adopted by Enriquez and Felder [16] and one of the authors [17] .
¶ The Drinfeld currents are suited to deal with infinite dimensional representations. We plan to discuss this subject in a separate publication.
Quasi-Hopf twist
Babelon et al. [14] have pointed out that the natural framework for dealing with dynamical YBE is Drinfeld's theory of quasi-Hopf algebras [15] . Since the work [14] is a prototype of our construction, let us recall their result. Consider the simplest quantum group A = U q (sl 2 ) with standard generators e, f, h. Given an arbitrary invertible element F ∈ A ⊗2 , we can modify the coproduct ∆ and the universal R matrix R bỹ
(a ∈ A), (1.4)
(1.5)
In general, the new coproduct∆ is no longer coassociative, and defines on A a quasi-Hopf algebra structure. The new R matrixR satisfies a YBE-type equation, which is somewhat complicated (see (A.10)). As Babelon et al. showed, this 'twisting' procedure leads to an interesting result when F = F (λ) depends on a parameter λ in such a way that the shifted cocycle condition holds:
If this is the case, then the YBE-type equation forR = R(λ) simplifies to the dynamical YBE
An explicit formula for such an F (λ) was given in [14] as a formal power series in q 2λ . We shall refer to F (λ) as 'twistor'. A key observation due to Frønsdal [4] is that the RLL relations for the elliptic algebras of both types, (1.2) and (1.3), arise by the same mechanism as above. Namely, there exist two types of twistors which give rise to different comultiplications on the quantum affine algebras U q (g), and the resultant quasi-Hopf algebras are nothing but the two types of elliptic quantum groups.
To substantiate this statement, we must find the corresponding twistors as elements in U q (g) ⊗2 satisfying the shifted cocycle condition (1.6). Frønsdal [3, 4] launched a search ¶ The central extension in [17] is different from the one in [16] , and is closer to that of the present paper.
for the twistor in the form of a formal series
where e i , f i are the Chevalley generators, t i 1 ,...,im (λ) are certain functions of the 'Cartan' generators h i ⊗ 1 and 1 ⊗ h i , and τ is a diagram automorphism. Substituting (1.8) into (1.6), he obtained a recursion relation that determines the coefficients t i 1 ,...,im (λ) uniquely. Though a proof of the full cocycle condition (1.6) was left open, this construction was shown to reproduce correctly the classical limit [4] and Baxter's R matrix [3] . Another important observation presented in the work [4] is that the twistor has an infinite product form
and that the coefficients of each F m (λ) resemble those of the universal R matrix of U q (g).
We remark that the quasi-Hopf structure of the face-type algebra for sl 2 was studied in detail by Enriquez and Felder [16] from a different point of view.
The present work
The aim of the present article is to complete the works of Babelon et al. and Frønsdal, by making explicit the aforementioned connection between the twistor and the universal R matrix, and supplying a proof of the shifted cocycle condition. We construct the two types of twistors in the form of an infinite product of the universal R matrix, 9) where ϕ λ denotes a certain automorphism of U q (g) ⊗2 depending on λ, and T is an element of h ⊗ h. For the face-type algebras, λ is taken from the Cartan subalgebra, so that F (λ) carries the same number of parameters as the rank of g. When g is of affine type, the elliptic modulus appears as one of these parameters. For the vertex-type algebras, λ is proportional to the central element. In this case the twistor, to be denoted E(r), depends on only one parameter r which is the elliptic modulus.
It is an old idea to construct the elliptic R matrices and L operators from the trigonometric ones by an 'averaging' procedure over the periods [18, 19, 20] . Our formula, (1.9) along with (1.5), may be viewed as implementing this idea at the level of the universal R matrix.
For face-type algebras τ = id, while for the vertex-type g = sl n and τ is a cyclic diagram automorphism. See section 2.
Following [1] , we shall denote the quasi-Hopf algebras associated with the vertex-type twistor E(r) by the symbol A q,p (g) (where g = sl n ), and the one associated with the facetype twistor F (λ) by B q,λ (g). As algebras they are the same as the underlying U q (g). Hence the representation theory for them should stay the same. Strictly speaking, the twistors are only formal power series with coefficients in U q (g), but we expect they make sense in 'good' category of representations and for generic values of the parameters. In such a case, the whole representation theory including evaluation and highest weight modules and vertex operators carry over to the elliptic algebras. We derive the commutation relations of vertex operators and the intertwining relations, regarding them as formal power series. In the special case of A q,p ( sl 2 ) we recover the formulas conjectured in [1] . As Frønsdal has shown [3, 25] for A q,p ( sl 2 ), the formal series for the twistors in evaluation modules converge and can be computed explicitly. On the other hand, it is a non-trivial problem to compute their images in highest weight representations. We hope to come back to this issue in the future.
The text is organized as follows.
In section 2, after preparing the notation, we present the formulas for the twistors. We then give a proof of the shifted cocycle condition. In Section 3, we discuss the examples B q,λ (sl 2 ), B q,λ ( sl 2 ) and A q,p ( sl 2 ), and compute the images of the twistor and the universal R matrix in the two-dimensional evaluation representation. In section 4, we define L operators and vertex operators for the elliptic algebras out of those of U q (g), and derive various commutation relations among them. In particular we derive a relation between the L + and L − operators proposed earlier in [1] (see (4.11) , (4.27) ). In Appendix we review the basics of quasi-Hopf algebras.
Quasi-Hopf twistors
In this section we construct the twistors which give rise to the elliptic algebras. For the face type algebras, the twistor F = F (λ) ∈ U ⊗2 depends on a parameter λ running over the Cartan subalgebra h. For the vertex type algebras, the twistor E(r) depends on a single parameter r ∈ C. Both of them are solutions of the shifted cocycle condition (see (2.23), (2.36) below).
Quantum groups
First let us fix the notation. Let g be the Kac-Moody Lie algebra associated with a symmetrizable generalized Cartan matrix A = (a ij ) i,j∈I . We fix an invariant inner product ( , ) on the Cartan subalgebra h and identify h * with h via ( , ). If {α i } i∈I denotes the set of simple roots, then (
Consider the corresponding quantum group U = U q (g). For simplicity of presentation, we choose to work over the ground ring C[[ ]] with q = e . The construction in this section can be easily adapted to the setting of q being a complex number transcendental over Q. The algebra U has generators e i , f i (i ∈ I) and h (h ∈ h), satisfying the standard relations 4) and the Serre relations which we omit. In (2.4) we have set
the Hopf algebra structure given as follows.
S(e i ) = −t
where i ∈ I and h ∈ h. Let R ∈ U ⊗2 denote the universal R matrix of U. It has the form
Here the notation is as follows. Take a basis {h l } of h, and its dual basis {h l }. Then
−β with respect to a certain Hopf pairing, where U + (resp. U − ) denotes the subalgebra of U generated by the e i (resp. f i ), and U ± ±β (β ∈ Q + ) signifies the homogeneous components with respect to the natural gradation by Q + = i Z ≥0 α i . (For the details the reader is referred e.g. to [21, 22] .) We shall need the following basic properties of the universal R matrix:
Here ∆ ′ = σ•∆ signifies the opposite coproduct, σ being the flip of the tensor components
14) follows the Yang-Baxter equation
Face type twistors
We are now in a position to describe the twistors for face type elliptic algebras. Let us prepare some notation. Let ρ ∈ h be an element such that (ρ, α i ) = d i for all i ∈ I. Let φ be an automorphism of U given by
where {h l }, {h l } are as in (2.11) . In other words,
we have
For λ ∈ h, introduce an automorphism
Then the expression
is a formal power series in the variables
We define the twistor F (λ) as follows.
Definition 2.1 (Face type twistor)
Here and after, we use the ordered product symbol
Note that the k-th factor in the product (2.22) is a formal power series in the x k i with leading term 1, and hence the infinite product makes sense. We shall refer to (2.22) as a face type twistor.
Our main result is the following.
Theorem 2.2 The twistor (2.22) satisfies the shifted cocycle condition
We have in addition
A proof of Theorem 2.2 will be given in subsection 2.
Hence we have, for example,
For convenience, let us give a name to the quasi-Hopf algebra associated with the twistor (2.22). As for the generalities on quasi-Hopf algebras, see Appendix A.
Definition 2.3 (Face type algebra)
We define the quasi-Hopf algebra B q,λ (g) of face type to be the set
and the antiautomorphism S defined by (2.8) . Here ε is defined by (2.7) , 27) and
Let us consider the case where g is of affine type, in which we are mainly interested. Let c be the canonical central element and d the scaling element. We set
whereλ stands for the classical part of λ ∈ h. Denote by {h j }, {h j } the classical part of the dual basis of h. Since c is central, ϕ λ is independent of s ′ . Writing p = q 2r , we have
Here σ denotes the flip of the tensor components. (2.28), (2.29) are formal power series in z, whereas (2.30) contains both positive and negative powers of z. Note that q c⊗d+d⊗c R(z)| z=0 reduces to the universal R matrix of U q (ḡ) corresponding to the underlying finite dimensional Lie algebraḡ. From the definition (2.22) of F (λ) we have the difference equation
where Fḡ(λ) signifies the twistor corresponding toḡ.
Vertex type twistors
When g = sl n , it is possible to construct a different type of twistor. We call it vertex type. In this subsection, U will denote U q sl n . Let us write h i = α i (i = 0, . . . , n − 1). A basis of h is {h 0 , . . . , h n−1 , d}. The element d gives the homogeneous grading,
for all i = 0, . . . , n−1. Let the dual basis be {Λ 0 , . . . , Λ n−1 , c}. The Λ i are the fundamental weights and c is the canonical central element. Let τ be the automorphism of U such that
The element ρ = n−1 i=0 Λ i is invariant under τ . It gives the principal grading
Hopefully there is no confusion.
for all i = 0, . . . , n − 1. Note also that
For r ∈ C, we introduce an automorphism
Here and after, quantities related to the vertex type algebras will be denoted with the symbol . Set
is a formal power series in p 1 n where p = q 2r . Unlike the previous case of (2.21), (2.34)
is a formal series with a non-trivial leading term q
takes the form 1 + · · ·, because of the relation
We now define the vertex type twistor E(r) as follows.
Definition 2.4 (Vertex type twistor)
The infinite product k≥1 is to be understood as lim
. In view of the remark made above, E(r) is a well defined formal series in p 1 n .
Theorem 2.5 The twistor (2.35) satisfies the shifted cocycle condition
We have in addition 
Let us set
In just the same way as in the face type case, the definition (2.35) can be alternatively described as the unique solution of the difference equation
where p = q 2r .
Proof of the shifted cocycle condition
Let us prove the shifted cocycle condition (2.23) for the face type twistors. For k = 0, 1, · · · we set
Then the twistor (2.22) can be written as
We have the invariance [∆(h), F k (λ)] = 0, and in particular
From the properties (2.12)-(2.14) of the universal R matrix, we find Lemma 2.7
Proof. Using (2.44) we have LHS of (2.47) = (∆ ⊗ id)(φ 2k ⊗ id)C(λ)
In the second line we used (2.19). Eq.(2.48) can be verified in a similar way. Finally, (2.49) follows by applying (φ 2(k+l) ⊗ φ 2l ⊗ id)Ad(q 2lT (12) ) to (2.46) and noting (2.43).
Lemma 2.9 For l ∈ Z ≥0 , we have the equality
Proof. We prove (2.50) by induction on l. The statement holds for l = 0, since we have from (2.48)
Suppose the statement is correct for l − 1. Then from (2.49) we obtain
This means that the statement holds also for l.
Proof of Theorem 2.2. Let l → ∞ in (2.50). Then
The last step is from (2.47). The statement (2.24) is evident from (2.15).
The case of vertex type twistors (2.36) can be treated in an analogous manner. In place of the automorphism (2.17), we set
The twistor can be written as
with the definition
51)
We have also
The rest of the proof is much the same with that of the face type, so we omit the details. 
Here the q-exponential symbol is defined by
and write F (w) for F (λ). Since
and ϕ k λ (e) = (q 2 w) k et 2k , the formula for the twistor (2.22) becomes
Using the formula
we find
The formulas (3.4)-(3.5) are due to [14, 3, 4] . In the two-dimensional representation (π, C 2 )
with E ij denoting the matrix with 1 at the (i, j)-th place and 0 elsewhere, we have
3.2 The case B q,λ ( sl 2 )
Next consider the case of the affine Lie algebra g = sl 2 . Taking a basis {c, d, h 1 } of h, we write
ϕ λ is independent of s ′ . Writing
we set
In particular, for z = 0, q c⊗d+d⊗c R(0) reduces to the universal R matrix (3.3) of U q (sl 2 ). Let us calculate the image of (3.10),(3.11) in the two-dimensional representation (π, V ), V = C 2 , where e 1 , f 1 , h 1 are mapped as in (3.6) and π(e 0 ) = π(f 1 ), π(f 0 ) = π(e 1 ),
From (2.31),(2.32) we have
The image R V V (z) = (π ⊗ π)R(z) is known to be given as follows (see e.g. [23] ).
14)
Here and after, we use the infinite product symbol
(1 − zt
Eq. (3.12) implies a difference equation for F V V (z; p, w). Noting π(c) = 0 and π •φ w = Ad(D w ) −1 • π where D w = diag(1, w), we find
where X t means the transpose of X, and we have set
This means that each column of F V V (z; p, w) t satisfies a difference equation of the same sort as the q-KZ equation. Solving this with the initial condition which follows from (3.13), we obtain the result
where
Here 2 φ 1 q a q b q c ; q, x denotes the basic hypergeometric series
The image of the R matrix is determined from (3.11) and the connection formula for the basic hypergeometric series
We find
with the coefficients given by
As expected, these are (up to a gauge) the Boltzmann weights of the Andrews-BaxterForrester model [10] .
The case
The case of A q,p ( sl 2 ) can be treated similarly. Let 24) where p = q 2r . In this case we have simply q T R(0) = 1. Thus E(ζ; p) is characterized by
The calculation of the image in the two-dimensional representation can be done di-
where b l , c l are given in terms of (3.16) by
The infinite product can be readily calculated, yielding the result
where ρ(z; p) is given by (3.17), and
Finally the image of the R matrix (3.24) is given by 
Dynamical RLL-relations and vertex operators
The L-operators and vertex operators for the elliptic algebras can be constructed from those of U q (g) by 'dressing' the latter with the twistors. In this section, we examine various commutation relations among these operators. We shall mainly discuss the case of the face type algebra B q,λ (g) where g is of affine type. We touch upon the vertex type algebras A q,p ( sl n ) briefly at the end.
RLL-relation for B q,λ (g)
Hereafter we write U = U q (g), B = B q,λ (g). By a representation of the quasi-Hopf algebra B we mean that of the underlying associative algebra U. Let (π V , V ) be a finite dimensional module over U, and (π V,z , V z ) be the evaluation representation associated with it where
Likewise we set
Setting further
we find from the dynamical YBE (A.18) that
Applying π V ⊗ π W ⊗ id, we obtain the dynamical RLL relation.
Here the index (1) (resp. (2)) refers to V (resp. W ), and h, c (without superfix) are elements of h ⊂ B. If we write
where h ∨ is the dual Coxeter number. The parameter r plays the role of the elliptic modulus. Note that, in (4.8)-(4.9), r also undergoes a shift depending on the central element c. Actually the two L-operators (4.4) are not independent.
Lemma 4.3 We have
Proof. In the notation of (4.7), we have
Now the difference equation (2.31) implies
qT
Noting that
Taking the image in V we obtain the assertion.
Vertex operators for B q,λ (g)
Let (π V,z , V z ) be as before, and let V (µ) be a highest weight module with highest weight µ. Consider intertwiners of U-modules of the form
We call them vertex operators (VO's) of type I and type II, respectively. † † Define the corresponding VO's for B as follows [25] .
When there is no fear of confusion, we often drop the sub(super)scripts V or (ν, µ). It is clear that (4.12),(4.13) satisfy the intertwining relations relative to the coproduct ∆ λ (2.25),
These intertwining relations can be encapsulated to commutation relations with the Loperators.
Proposition 4.4 The 'dressed' VO's (4.12),(4.13) satisfy the following dynamical intertwining relations (see the diagram below):
In this paper we treat VO's which have Fourier expansion in integral powers of z. In the notation of [23] , they are denoted with the symbol ; e.g. Φ (ν,µ) V (z) here is written as Φ ν,V µ (z) in [23] .
Proof. Let ∆ be the original coproduct (2.6) for U. The properties (A.16), (A.17) are equivalently rewritten as
From this it follows that
Using the intertwining relation
we obtain
The other cases are similar.
From the theory of qKZ-equation [26] , we know the VO's for U satisfy the commutation relations of the form
is the 'trigonometric' R matrix. In (4.18)-(4.20) we used a slightly abbreviated notation. For example, the left hand side of (4.18) means the composition
Similarly (4.19), (4.20) are maps
respectively. For U q ( sl 2 ), the formulas for the W -factors in the simplest case can be found e.g. in [23] . The 'dressed' VO's satisfy similar relations with appropriate dynamical shift. Settinǧ
In the right hand side of (4.24), the first factor equals
while the second is
by the shifted cocycle condition. Since
Using again the shifted cocycle condition we arrive at the right hand side of (4.22).
The case of
The case of vertex type algebras can be treated in a parallel way. Let ( π V,ζ , V ), π V,ζ = π • Ad(ζ ρ ) stand for the evaluation module defined via the principal gradation operator ρ. In place of d we use ρ/n to define the R-matrix and L-operators as follows:
Then the RLL relations (4.8)-(4.9) remain valid if we replace the shift λ + h by r + c and read q c z as q c/n ζ. Since c is mapped to 0 in (π V,ζ , V ), the relations somewhat simplify.
The result reads as follows.
By the same method as in the face type case, we find also
Taking the image in the vector representation V = C n = Cv 1 ⊕ · · · ⊕ Cv n and noting that τ is implemented by a conjugation
The relations (4.25),(4.26) and (4.27) first appeared (for n = 2) in [1] . Similarly we define the VO's by
in the principal gradation. The intertwining relations can be obtained from (4.14)-(4.17) by a simple replacement as explained above:
These formulas agree with those conjectured in [1, 24] , if we identify q 2(r+c) with p there.
The same can be done about the commutation relations of VO (4.21)-(4.23). We do not repeat the formulas. There is an important operation called twist, which associates a new quasi-bialgebra with a given one. Let (A, ∆, ε, Φ) be a quasi-bialgebra, and let F ∈ A ⊗ A be an invertible element such that (id ⊗ ε)F = 1 = (ε ⊗ id)F . Set An important special case is a twist of a quasi-triangular Hopf algebra (A, ∆, ε, R) (i.e. a quasi-triangular quasi-Hopf algebra with Φ = 1) by a shifted cocycle. Let H be an abelian subalgebra of A, with the product written additively.
Definition A.4 A twistor F (λ) depending on λ ∈ H is a shifted cocycle if it satisfies the relation
for some h ∈ H.
Let (A, ∆ λ , ε, Φ(λ), R(λ)) be the quasi-triangular quasi-Hopf algebra obtained by a twist by F (λ). The shifted cocycle condition (A.14) simplifies the properties of Φ(λ) and R(λ) as follows. 
